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Abstract—A rigid plate end-effector at the tip of a high-speed
manipulator can remotely manipulate an object without grasping
it. This paper discusses a dynamic nonprehensile manipulation
strategy for rotating thin deformable objects on a rigid plate with
two degrees of freedom. The deformation of the object due to
dynamic effects is exploited to produce fast and stable rotation.
By varying the frequency of the rotational component of the
plate’s motion, we show that the dynamic behavior of the object
mimics either a sliding, walking, or running gait of a biped. We
introduce a model to simulate this type of system in which the
object is constructed of multiple nodes connected by viscoelastic
joint units with three degrees of freedom. The joint’s viscoelastic
parameters are estimated experimentally in order to model real
food. Afterward, simulation analysis is used to investigate how the
object’s rotational behavior and its angular velocity change with
respect to the plate’s motion frequency. We show how the object’s
behavior during rotation is analogous to bipedal sliding, walking,
and running gaits, and then obtain optimal plate motions leading
to the maximal angular velocity of the object. We also reveal that
an appropriate angular acceleration of the plate is essential for
a dynamically stable and fast object’s rotation. We further show
that the friction coefficient that maximizes the object’s angular
velocity depends on its gait.

Index Terms—Nonprehensile manipulation, dynamic skill, de-
formable object.

I. INTRODUCTION

ADVANCEMENT in technology has allowed the devel-
opment of dynamic skills in robots, which in recent

years has attracted many researchers [1], [2]. In the particular
case where a simple end-effector is used, a robot-system
can compensate for its lack of degrees of freedom (DOFs)
and sensors by utilizing dynamic effects produced by high-
speed robot motions and by using an appropriate manipulation
strategy [3]–[15].

Arai et al. have discussed a manipulation strategy where
a cube is rotated around its edge on a plate attached at
the tip of a six DOFs manipulator [3]. Lynch et al. have
examined the juggling skill called “Butterfly,” where a ball is
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transported along the inside and the outside of a palm surface,
and discussed the shape of the robot palm and motion planning
[4]. Lynch et al. have discussed controllability, motion plan-
ning, and implementation of planar dynamic nonprehensile
manipulation [5]. Various dynamic tasks were performed by
using a single joint manipulator. Those tasks include snatching
an object from a table, rolling an object on the surface of
an arm, and throwing and catching it. Amagai et al. have
shown the experiments where an object is manipulated on a
plate attached at the tip of a six DOFs manipulator based
on visual information [6]. Reznik and Canny have developed
the Universal Planar Manipulator (UPM) based on a single
horizontally-vibrating plate with three DOFs [7]–[9]. They
have demonstrated that multiple objects were simultaneously
moved toward target directions. Böhringer et al. have devel-
oped a model for the mechanics of microactuators together
with a sensorless parallel manipulation theory [10] and have
discussed algorithms for sensorless positioning and orienting
of planar parts using different vibration patterns [11]. They
also proposed microassembly of parts using ultrasonic vibra-
tion and electrostatic forces to position and align parts in
parallel on a vibratory table [12]. Vose et al. have discussed
sensorless control methods for point parts sliding on a rigid
plate. They have estimated the programmable velocity fields
for point parts and shown basic experiments by using a
six DOFs vibrating plate [13]. They have also shown that
translation and rotation of a rigid plate induces parts on the
plate to move toward or away from a nodal line aligned with
the rotation axis [14], and how to find frictional velocity
fields generated by plate motions [15]. These works done on
manipulation utilizing a plate have supposed that the object
is a particle(s) or a rigid body(ies) since it is convenient
from the viewpoint of both geometric and dynamic analysis.
In contrast, conventional works treating a deformable object
have generally supposed two or more fingers for grasping and
handling the object [16]–[23]. As far as we know, there are
no works dealing with a deformable object as the main target
in nonprehensile manipulation.

Our former works treated a dynamic manipulation inspired
by the handling of a pizza peel [24], as shown in Fig. 1(a).
A chef handles the peel and remotely manipulates a pizza on
the plate. We found that the chef aggressively utilizes two
DOFs from the remote handling location during the manip-
ulation: translation X along the bar and rotation Θ around
the bar. We proposed a dynamic nonprehensile manipulation
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Fig. 1. Dynamic nonprehensile manipulation for rotating: (a) a rigid body
and (b) a deformable body. The object’s deformation generated by dynamic
effects as shown in (b), can decrease the negative moment. As a result, the
object can rotate faster.

for controlling the position and the orientation of a rigid
object on a plate by applying the peel mechanism to the robot
system. This manipulation scheme has the advantage that the
robot can remotely manipulate an object in areas with high
temperature, high humidity, electromagnetic field, etc, where
a gripper or a robot hand with electronic/electrical/precision
device(s) is unavailable. Furthermore, since the object is not
grasped or picked, the concentration of stress inducing the
object’s destruction is avoided. We have also found that a
deformable object can rotate faster than a rigid one [25],
[26], as shown in Fig. 1(a) and (b). In order to extend the
aforementioned investigation, in this paper we clarify what
actually happens in the manipulation for rotating deformable
objects. This paper explores the optimal conditions which
includes the plate’s motion, the object’s physical properties
and the friction between them.

In this paper, after showing the principle of rotating an
object and some basic experiments, we introduce a simulation
model in order to approximate the dynamic characteristics of a
thin deformable object on the plate. This model is composed
of multiple nodes with mass, where neighboring nodes are
connected to each other by what we call a viscoelastic joint
unit. This unit is composed of three joints: bending, compres-
sion/tension, and torsion. The bending and the compression
joints have viscoelastic elements, while the torsion joint is
free. After estimating the viscoelastic parameters of a slice of
cheese as a sample of real food, we show the simulation results
where the dynamic behavior of the object nicely corresponds
to that in experiments. Through simulation analysis, we show
that the object’s rotational behavior changes with respect to the
plate’s motion frequency in a way that is similar to a biped
transitioning from a sliding to a walking to a running gait.
We also reveal that an optimal point leading to the maximal
angular velocity of the object exists and depends upon the
angular acceleration of the plate. Finally, we further investigate
how the friction between the plate and the object influences
the object’s angular velocity and show that the optimal friction
coefficient depends on the object’s gait.

This paper is organized as follows. In section II, we explain
the essence of the principle of rotation and show a basic
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Fig. 2. Rotation mechanism: (a) Both the plate and the object are stationary,
i.e. no motion is given to the plate (b) Only a translational motion Ẍ is given
to the plate, (c) Both translational Ẍ and rotational Θ̈ motions are given to
the plate, (d) Due to the object’s deformation the contact area decreases.

experiment. In section III, we introduce a simulation model for
a deformable object. In section IV, we show how to estimate
the viscoelastic parameters of the object. In section V, we
show the simulation analysis based on real food. In section
VI, we give the conclusion of this work.

II. MANIPULATION MECHANISM

A. Principle of Rotation

Fig. 2 shows the top view and the side view of the object
on the plate, this plate has two DOFs: translation X along the
bar and rotation Θ around the bar, as shown in Fig. 1(a).
The object as well as the plate are stationary (X = 0,
Θ = 0) in Fig. 2(a). Then, as shown in Fig. 2(b), by giving
a translational acceleration Ẍ to the plate, an inertial force
and a frictional force are generated. In this case the nominal
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Fig. 3. Overview of the experimental system.

pressure distribution on the object is assumed to be uniform
and as a result the frictional force distribution is also uniform,
as shown in Fig. 2(b), where we illustrate just the slice of the
frictional force distribution that passes through the center of
mass of the object. Let us now consider the case in which an
angular acceleration Θ̈ is additionally given to the plate, as
shown in Fig. 2(c). In this instance, the pressure distribution
on the object results in a slope due to the inertial force
generated by Θ̈, thus the frictional force distribution also
slopes. A rotational moment n around the object’s center of
mass is generated by the slope in the frictional force, and
therefore the object rotates. Let us consider that a line ξ which
passes through the object’s center of mass and runs parallel to
the translational motion Ẍ , divides the rotational moment n
into the moment contributing to rotation n+ and the moment
braking rotation n−. In the case of a deformable object, as
shown in Fig. 2(d), the inertial force generated by the plate’s
rotational motion produces a deformation in the object and as
a result, the object’s area in contact with the plate is reduced.
Hence the moment braking rotation n− decreases. From this
reason it is thought that a deformable object rotates faster than
a rigid one.

B. Basic Experiment

Fig. 3 shows an overview of the experimental system [24]. A
plate is attached at the tip of a manipulator and a vision system
observes the object on the plate. The manipulator possesses
three active joints and a free joint. The plate of 100 mm ×
100 mm fixed at the tip of the bar moves along the longitudinal
axis of it (translational DOF: X) by the rotations of the 1st
and the 2nd joints. The plate rotates around the longitudinal
axis of the bar (rotational DOF: Θ) by the rotation of the
4th joint. A small circular pancake is utilized as a deformable
object. It has a 10 g mass, a 42 mm radius, and a 1.0 mm
thickness. Additionally, as a rigid body, we prepare another
object made of plastic with the same physical properties except
for the bending stiffness. We give to the plate’s two DOFs of
motion the sinusoidal trajectories given by X(t) = 2 sin(14πt)

(a) t = 0.14[s] (b) t = 0.54[s]

Fig. 4. Rotational motion of a rigid object: the object is rotating with an
angular velocity of 15.7 deg/s, for Ap = 16 deg.

(a) t = 0.14[s] (b) t = 0.52[s]

Fig. 5. Rotational motion of a deformable object: the object is rotating with
an angular velocity of 56.6 deg/s, for Ap = 16 deg.

mm and Θ(t) = −Ap sin(14πt) deg1. The object rotates
continuously on the plate by cyclically changing the frictional
force distribution. Fig. 4 shows a series of photos of the
rigid object’s rotational motion, where the amplitude of Θ is
given by Ap = 16 deg. From Fig. 4, it can be seen that the
object does not bend and a full contact between the plate and
the object is maintained. The object rotates with an angular
velocity of 15.7 deg/s. Moreover, if we give an amplitude
larger than Ap = 16 deg, the object becomes unstable and
violently falls from the plate. On the contrary, Fig. 5 shows a
series of photos of the deformable object’s rotational motion,
for the same plate’s amplitude Ap = 16 deg. From Fig. 5, it
can be seen that the object is bent by the inertial force given
by the plate, thus the contact area between the plate and the

1From the initial state that the object is stationary, the rotational direction of
the object is determined based on the plate’s acceleration as follows: ẌΘ̈ >
0 generates the clockwise moment n > 0; while ẌΘ̈ < 0 generates the
counterclockwise moment n < 0, as explained in [24]. If we assume the
plate’s motion is considerably faster than the object’s one and since we give
sinusoidal trajectories where the sign of ẌΘ̈ is constant during the whole
cycle, then the rotational direction of the object can be regarded as constant.
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(a) t = 0.21[s] (b) t = 0.61[s]

Fig. 6. Rotational motion of a deformable object: the object is rotating with
an angular velocity of 251 deg/s, for Ap = 24 deg.

object is decreased. This object’s behavior works effectively
for decreasing the brake moment, as explained in Fig. 2(d). As
a result, the deformable object can rotate faster than the rigid
one on the plate. The object rotates with an angular velocity
of 56.6 deg/s, which is more than three times faster than the
rigid object. Additionally, Fig. 6 shows a series of photos of
the deformable object’s rotational motion, where the amplitude
of Θ is given by Ap = 24 deg. From Fig. 6, it can be seen
that the object is bent even more than in Fig. 5, decreasing the
contact area between the plate and the object to almost a half,
decreasing the braking moment and thus rotating faster. In this
case, the object rotates with an angular velocity of 251.7 deg/s.

III. MODELING

In preparation for the motion analysis we introduce a
viscoelastic model for approximating dynamic behaviors of
a thin deformable object on a plate.
Assumptions: Consider a plate and a thin deformable object
as shown in Fig. 1(b). To simplify the analysis, we set the
following assumptions:

1: The plate is rigid.
2: The plate’s surface area is larger than that of the object.
3: The object is deformable and its thickness is small.
4: The object is isotropic and it has uniform mass distribution

and uniform viscoelasticity.
5: The nominal pressure distribution on the object is uniform.
6: The friction coefficient between the plate and the object

based on Coulomb’s law is uniform and is given by µs

and µk for static and dynamic coefficients, respectively.
Deformable object model: For a thin deformable object, we
consider virtual tile links as shown in Fig. 7(a). The link is
a square with sides of length l. Based on the shape and the
size of the modeled object, the arrangement of virtual tiles is
determined. A node with a mass of m is located at the center of
the link, where neighboring nodes are connected to each other
by a viscoelastic joint unit as shown in Fig. 7(b). The joint unit
is composed of three DOFs: bending, compression/tension,
and torsion. The bending and the compression joints have
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Fig. 7. Deformable object model.

viscoelastic elements given by a Kelvin-Voigt model, while
the torsion joint is free for simplicity of the simulation model.
In Fig. 7(b), kb and cb express the elasticity and viscosity,
respectively, of the bending joint. Similarly, kc and cc are the
elasticity and viscosity, respectively, of the compression joint.
Contact Model: Fig. 7(c) shows the contact model between
the plate and the i-th virtual link. The contact force is
computed with the penalty method based on the Kelvin-Voigt
model [27]. The contact force f contact

i applied to the node is
given by

f contact
i = kcontacta

2.2
i + ccontactȧi (ai ≥ 0) (1)

where ai, kcontact, and ccontact are the distance between
the surface of the plate and that of the virtual link, the
elasticity, and the viscosity, respectively. Also, the frictional
force f friction

i applied to the node is given by,

f friction
i = µ∗f

contact
i . (2)

The coefficient of friction in (2) is defined by

µ∗ =







0 for vslipi = 0

µs for 0 < |vslipi | < V

µk for V ≤ |vslipi |

where vslipi is the slip velocity of the i-th node with respect
to the plate and V is the friction transition velocity, that
determines the threshold between static and dynamic frictions.
The frictional force f friction

i is in the opposite direction to the
slip velocity of the node with respect to the plate’s surface.

IV. PARAMETER ESTIMATION

We show how to estimate the viscoelastic parameters of a
real deformable object by experiments.
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A. How to Estimate Parameters

Viscoelasticity in Bending: Fig. 8(a) shows the side view of
the model utilized to estimate the viscoelasticity in bending.
This model is composed of two links and two bending joints.
One joint connects the left tip to the wall and the other joint
connects the two links, leaving the right tip free; thus, it is
deformed by gravity. This deformation is approximated by two
angles: φ1 and φ2, which denote the angle of the two bending
joints, the one between the wall and the left tip of the model,
and the one between the two links, respectively. The equation
of motion of this model is expressed as follows,

[

φ̇2 φ2

]

[

cb
kb

]

=
1

2
mgl cos (φ1 + φ2)

−
1

4
ml2φ̈2 −

1

4
(1 + 2 cosφ2)ml2φ̈1 .

(3)

Using the sampling data in ti (i = 1, . . . , n), (3) is expressed
by

Apb − q = 0 (4)

where
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1
2
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− 1
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1
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1
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.

From the least squares solution of (4), the viscoelastic param-
eters p̂b , [ĉb k̂b]

T can be estimated by

p̂b = (ATA)−1ATq . (5)

Viscoelasticity in Compression: Fig. 8(b) shows the side
view of the model utilized to estimate the viscoelasticity in
compression, where one link with a small thickness d is put on
a table. The deformation of the link is given by a displacement
s, and the viscoelastic parameters in the Kelvin-Voigt model
are ks, and cs. The contact force fs applied to the upper
surface with area l2 and the displacement s are utilized in
the equation of motion which is expressed as follows,

[

ṡ s
]

[

cs
ks

]

= fs . (6)

Using the sampling data in ti (i = 1, . . . , n), (6) is expressed
by

Bps − fs = 0 (7)

where

B ,











ṡ(t1) s(t1)
ṡ(t2) s(t2)

...
...

ṡ(tn) s(tn)











ps ,
[

cs ks
]T

fs ,
[

fs(t1) · · · fs(tn)
]T

.

From the least squares solution of (7), the viscoelastic param-
eters p̂s , [ĉs k̂s]

T can be estimated by

p̂s = (BTB)−1BTfs . (8)

Here p̂s represents the viscoelasticity parameters over the
upper surface (l2). Since in our model we want to describe
the viscoelasticity over the lateral surface of the link (ld), we
convert p̂s, to obtain p̂c , [ĉc k̂c]

T as

p̂c = p̂s (d/l)
2 (9)

which expresses the scaled viscoelasticity for a contact force
applied to the lateral surface of the link with area ld and
thickness l, based on assumption 4 that the object is isotropic.

B. Parameter Estimation of Real Object

As a real deformable object, a slice of cheese is employed
in the experiment since it is an artificial product that can
reasonably correspond to assumptions 4, 5, and 6. Based on
the model shown in Fig. 7(a), each squared link has a length
of l = 10 mm, thickness d = 2.5 mm, and mass m = 0.285 g.

For estimating the viscoelastic parameters in bending, a
slice of cheese was cut to get the two link model shown in
Fig. 8(a). Actually, its total length is 30 mm and its width
is 10 mm, as shown in Fig. 9(a), where the left 10 mm of
the object were gripped at the wall portion. We placed three
red markers: the first one at the wall boundary, the second
one at the middle of the right 20 mm of the object where
the virtual joint is located, and the third one at the right
tip of the object which is left free. In the initial state, the



6

(a) t = 0.0 [s] (b) t = 0.20 [s]
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Supporter

Wall

Fig. 9. Snapshots of the experiment to estimate the viscoelasticity parameters
in bending.

t

Fig. 10. Angle φ2 with respect to time during the estimation of the
viscoelasticity in bending.

cheese is supported as shown in Fig. 9(a), and then released
so as to be deformed by gravity as shown in Fig. 9(b). We
obtain the joint’s angles data φ1(ti) and φ2(ti) (i = 1, . . . , n)
by measuring the markers positions using vision with 480
frames per second. Fig. 10 shows the angle φ2 with respect
to time during the deformation by gravity. From these data
and (5) with n = 97, the parameters k̂b = 2.72 × 10−3

N·mm/deg and ĉb = 4.23× 10−6 N·mm/(deg/s) are obtained.
In Fig. 10, the reconstructed result of φ2 using the estimated
parameters is overlapped. From this figure, it can be seen that
the experimental results and the reconstructed one matched
nicely.

For estimating the viscoelastic parameters in compression,
a slice of cheese was cut to get the single link model of
length l = 10 mm, width l = 10 mm and thickness d = 2.5
mm shown in Fig. 8(b); as shown in Fig. 11 the object is
compressed by a parallel jaw gripper actuated by a linear
slider. The displacement data s(ti) is measured by a linear
encoder implemented in the slider, and the contact force data
fs(ti) (i = 1, . . . , n) is measured by a load cell attached to the
parallel jaw gripper. Fig. 12 shows the displacement s and the
contact force fs with respect to time during the deformation
by compression. From these data and (8) with n = 10, the
parameters k̂s = 12 N/mm and ĉs = 7.9 × 10−3 N/(mm/s)
are obtained. Then, k̂c = 0.79 N/mm and ĉc = 4.9 × 10−4

N/(mm/s) are obtained by the conversion based on (9) . In
Fig. 12, the reconstructed result of fs using the estimated pa-
rameters and the displacement in Experiment 1 is overlapped.
From this figure, it can be seen that the experimental results
and the reconstructed one matched nicely.

Load cell

Linear slider

Object

Gripper

Fig. 11. Snapshot of the experiment to estimate the viscoelasticity parameters
in compression.

t

s

t

f
s

Fig. 12. Displacement s and contact force fs with respect to time during
the estimation of the viscoelasticity in compression.

V. SIMULATION ANALYSIS

We investigate through simulation analysis, how the object’s
behavior changes with respect to the given plate motion and
obtain the optimal plate motion leading to the maximal angular
velocity of the object. We further show that there exists an
optimal friction coefficient that yields the maximal angular
velocity of the object.

A. Settings

A commercially available slice of cheese as shown in
Fig. 13(a), is used for simulation analysis. The slice of cheese
has a circular shape of radius r = 40 mm, thickness d = 2.5
mm, and mass M = 13.6 g. The simulation software MD
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Fig. 13. The slice of cheese used in the experiments in (a) and the simulation
model of a slice of cheese composed of 52 links with l = 10 mm in (b).

t t

t t

t t

!B

Fig. 14. Snapshots of the experiment using ωp/ωn = 2.4. The object is
rotating on the plate with an angular velocity of ωB = 370 deg/s.

Adams (MSC.Software Corp.) is utilized to compute the
dynamic motion of the object. The simulation model as shown
in Fig. 13(b) is composed of 52 links with l = 10 mm. The
four viscoelastic parameters obtained in the previous section
are utilized together with the friction’s coefficients µs = 0.75
and µk = 0.4 obtained experimentally and V = 100 mm/s.
Additionally, kcontact = 11.86 N/mm, ccontact = 7.65× 10−3

N/(mm/s) are given. In order to rotate the object, we give
to the plate’s two DOFs of motion the following sinusoidal
trajectories

Θ(t) = −Ap sin(ωpt) (10)

X(t) = Bp sin(ωpt) (11)

where Ap, Bp, and ωp denote the rotational amplitude, the
linear amplitude, and the angular frequency of the plate
motion, respectively.

t t

t t

t t

! 
B

Fig. 15. Snapshots of the simulation using ωp/ωn = 2.4. The object is
rotating on the plate with an angular velocity of ωB = 350 deg/s.

!
B

!p=!n

Fig. 16. Angular velocity of the object ωB with respect to the angular
frequency of the plate ωp/ωn. The object’s behavior changes as bipedal gaits
sliding, walking, and running as ωp/ωn increases.

B. Analogy to Bipedal Gaits

Fig. 14 and Fig. 15 show the experimental result and the
simulation result2, respectively, with Ap = 12 deg, Bp = 3
mm, and ωp = 12 × 2π rad/s. From these figures, it can
be seen that the dynamic behavior in simulation and that in
the experiment qualitatively correspond to each other. Fig. 16
shows the relationship between the angular frequency of the
plate ωp and the angular velocity of the object ωB in simu-
lation and experiment, where ωp is normalized by ωn = 10π

2The video attachment file of this paper shows experiments and the
simulations illustrating the object’s behaviors of rotation on the plate.
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Fig. 17. Analogy to bipedal gaits: if the whole object is separated into two
parts by its center and regarding each of these parts as left leg and right leg,
as shown in Fig. 15(a); then the object’s behavior can be described with an
analogy to bipedal gaits: in (a) sliding (both legs always make contact with
the floor), in (b) walking (at least one leg makes contact with the floor), and
in (c) running (both legs float at the same time). Failures are defined as those
cases in which the object’s center slips more than 10 mm or when the object
turns over (d).

rad/s which is the first order natural angular frequency of the
object in bending, that is the frequency with which the object
bends up and down freely, without any external forces nor
restraints. It can be seen that the maximal angular velocity of
the object is produced with ωp/ωn ≈ 2.8 in both simulation
and experiment. This comparison between the experimental
and simulation results supports the validity of the parameter
estimation.

Here, it can be noted that the object’s behavior changes with
respect to ωp. An interesting observation is that, if the whole
object is separated into two parts by its center, as shown in
Fig. 15(a), and regarding each of these parts as left leg and
right leg; then the object’s behavior can be described with an
analogy to bipedal gaits as follows: sliding (both legs always
make contact with the floor), as shown in Fig. 17(a), walking
(at least one leg makes contact with the floor), as shown in

Ap

!
B

!p !n

Fig. 18. Relationship between the plate’s rotational amplitude Ap, the plate’s
angular frequency normalized by the first order natural frequency of the object
in bending ωp/ωn, and the angular velocity of the object ωB with Bp = 3

mm.

Fig. 17(b), and running (both legs float at the same time), as
shown in Fig. 17(c). The transition of these behaviors as ωp

increases is as shown in Fig. 16. The maximal angular velocity
is achieved in the running phase, which is also dynamically
stable. Finally, for a larger ωp, the object becomes unstable and
it cannot rotate anymore, as shown in Fig. 17(d). We define
failures as those cases in which the object’s center slips more
than 10 mm or when the object turns over.

C. Optimal Plate Motion

The simulation results in Fig. 18 show the relationship
between the rotational amplitude of the plate Ap, the angular
frequency of the plate ωp normalized by ωn, and the angular
velocity of the object ωB with Bp = 3 mm. In this case,
changing the value of the translational amplitude Bp does not
have a significant effect on the object’s angular velocity. The
dashed lines indicate the maximal angular velocity ωBmax for
each Ap, projected onto the ωp/ωn-ωB plane. Each curve stops
when the object became unstable and failed to rotate, which
we define in the previous subsection, as shown in Fig. 17(d).
If the robot can generate a high frequency motion of the plate
e.g. ωp/ωn = 5, the object will be able to rotate faster more
stably with a small angular amplitude of the plate rather than
with a large one. It can be intuitively understood that a small
angular amplitude Ap contributes to the stability of the rotating
object. From Fig. 18, the optimal combination of Ap and ωp

can be obtained, which leads to the maximal angular velocity
of the object, under the given specification of the robot system.

Figs. 19(a)–(h) show the relationship between the rotational
amplitude of the plate Ap, the angular acceleration of the plate
Apω

2
p, and the angular velocity of the object ωB , where the

natural angular frequency of the object is: (a) ωn = 1.4π rad/s,
(b) ωn = 3.5π rad/s, (c) ωn = 7.5π rad/s, (d) ωn = 10π
rad/s, (e) ωn = 15π rad/s, (f) ωn = 23π rad/s, (g) ωn = 33π
rad/s, and (h) ωn = 320π rad/s, with Bp = 3 mm. The value
of ωn is changed by modifying the elasticity of the object
for the same mass. In Fig. 19, the �, 4, and © denote the
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Fig. 19. Relationship between the plate’s rotational amplitude Ap, the plate’s angular acceleration Apω2
p , and the angular velocity of the object ωB with

Bp = 3 mm. The object’s behavior changes with respect to the plate’s angular acceleration, from sliding �, to walking 4, and to running ©.

object’s sliding, walking, and running phases, respectively. The
dashed lines indicate the maximal angular velocity ωBmax

for each Ap, projected onto the Ap-Apω
2
B plane. As shown

in Fig. 19(h), the object with the highest stiffness becomes
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unstable even with a low acceleration of the plate. Thus, the
maximal angular velocity of the object ωBmax is smaller than
that of the softer objects in Figs. 19(a)–(g). This corresponds
to the experimental results as shown in Fig. 4 and Fig. 6.
From Figs. 19(a)–(h), it can be confirmed that the optimal
angular acceleration Apω

2
p is uniquely determined for each of

the deformable objects, as indicated by the shaded area, while
the maximal angular velocity of the object ωBmax changes
depending on how large the amplitude Ap is chosen. It can be
noted that for Ap = 24 deg, the maximal angular velocity of
each of the objects ωBmax in Figs. 19(a)–(h), is not within the
shaded area, since the objects fall from the plate or turn over
before achieving a fast rotation. This means that the plate’s
amplitude is too large to stably manipulate these objects.
Furthermore, it can be seen that for Ap = 12 deg, the maximal
angular velocity of each of the harder objects in Figs. 19(f)–
(h) is not within the shaded area. This means that the plate’s
amplitude Ap = 12 deg is still too large to allow these objects
to rotate stably on the plate. As shown in Figs. 19(c)–(h), the
maximal angular velocity of the object ωBmax is produced in
the running phase. This means that, to rotate the object faster,
the plate needs a large enough acceleration to push up the
object so that it can run and turn. In this case, the object mainly
rotates in the air by utilizing the inertial effect around its center
of mass. However, as shown in Fig. 19(a) and (b), the maximal
angular velocity of the object is produced in the walking phase.
The reason is that the object is too soft, hence the object is
greatly deformed, and as a result, it is folded in two before
it starts to run. Thus, although the object’s behavior differs,
an appropriate angular acceleration of the plate is essential to
generate a fast and stable rotation of the deformable object.
Based on the above results, we can estimate the specifications
of the robot’s actuators needed for this manipulation scheme.

D. Optimal Friction Coefficients

The simulation results in Fig. 20 show the relationship
between the angular acceleration of the plate Apω

2
p, the friction

angle between the plate and the object α = tan−1(µs) and
the angular velocity of the object ωB , for a plate’s rotational
amplitude Ap = 3 deg, translational amplitude Bp = 3 mm
and ωn = 10π rad/s. The �, 4, and © denote the object’s
sliding, walking, and running phases, respectively. Here, it
must be pointed out that not only the static coefficient of
friction µs, but also the dynamic coefficient of friction µk

changes and it does it proportionally to µs, that is µk = βµs,
where β = 0.53 is constant.

The friction’s influence in the object’s angular velocity ωB ,
as shown in Fig. 20, can also be explained with the analogy
to bipedal gaits. When the friction angle α is around 0 deg,
the object cannot rotate fast because the moment contributing
to rotation n+ cannot be generated. This corresponds with a
slippery floor for a biped’s gait. In the other extreme, when
the friction angle α is around 80 deg, the object also cannot
rotate fast. This is because the frictional force perpendicular
to the plate’s translational motion X increases as well as the
one parallel to X . Therefore the object will eventually not be
able to rotate on the plate, as the friction angle α approaches

!
B

Ap!p
 

x

Fig. 20. Relationship between the friction angle between the plate and the
object α, the angular acceleration of the plate Apω2

p , and the angular velocity
of the object ωB with Ap = 3 deg, Bp = 3 mm and ωn = 10π rad/s. The
optimal friction angle depends on the object’s sliding �, walking 4, and
running gaits ©, as denoted by the arrows.

90 deg. This corresponds with a sticky floor, where a biped
can hardly step. Thus the optimal friction angle leading to
the maximal angular velocity ωBmax exists in an intermediate
friction value. For a small Apω

2
p as in the sliding phase �, the

object keeps full contact with the plate and no deformation
occurs. In this case, both the contributing moment n+ and
the braking moment n− are generated, as shown in Fig. 2(c),
and the optimal friction angle is around 40 deg. In the walking
phase 4, the braking moment n− decreases due to the object’s
deformation, as explained in Fig. 2(d). Therefore the optimal
friction angle moves to a larger one, around 60 deg, so as to
increase the contributing moment n+ without overcoming the
inertial force. For a larger Apω

2
p as in the running phase ©,

the object’s contact area during rotation is drastically reduced.
Thus the object rotates faster by the inertial effect while
floating on the air for most of the time, without making contact
with the plate. In this case, a large friction brakes the object’s
rotation at the instants of time it makes contact with the plate.
To avoid this braking, the optimal friction angle moves to a
smaller one, around 30 deg. As it was explained, the optimal
friction angle denoted by arrows in Fig. 20, depends on the
object’s sliding, walking, and running gaits.

Furthermore, the optimal angular acceleration Apω
2
p is

obtained around 8 deg/s2, regardless of the friction angle α.
This angular acceleration is the same as the one obtained in
Fig. 19(d). This confirms that an appropriate plate’s angular
acceleration is the most important factor for a fast object’s
rotation.

VI. CONCLUSION

This paper discussed a dynamic nonprehensile manipulation
strategy for rotating a thin deformable object on a rigid two
DOFs plate. The main results of this paper are summarized as
follows:

• We explained how a deformable object rotates faster than
a rigid one on a plate. The bending motion generated by
the plate’s rotational motion reduces the braking moment,
thus contributing to a faster rotation.
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• We introduced a model to approximate the dynamic
behavior of a deformable object, where the object is
composed of multiple nodes and three DOFs joint units
with viscoelasticity.

• We showed how to estimate the object’s viscoelastic
parameters by experiment, and showed the simulation
and experimental results to validate the introduced model.
Dynamic behaviors in both simulation and experiment
correspond to each other qualitatively.

• We discovered through simulation analysis that the tran-
sition of the object’s rotational behavior with respect to
the plate frequency, mimics either a sliding, walking, or
running gait of a biped.

• We obtained the optimal plate motion leading to the
object’s maximal angular velocity and revealed that the
angular acceleration of the plate is the most important
factor for dynamically stable and fast object rotation.

• We investigated how the friction between the plate and
the object influences the object’s angular velocity, and
showed that the optimal friction coefficient depends on
the object’s gait.

In this paper, we showed the motion analysis by focusing on
the rotation of a deformable object. However, the proposed
manipulation scheme has the potential to produce various
types of object’s locomotions. If we change the sinusoidal
wave’s phase and period combination of the translational and
the rotational motion of the plate, then object’s locomotion
may become diverse, such as taking steps forward, back, and
turning. In future work, we would like to discuss such a
marionette-like manipulation toward the simultaneous control
of the position and the orientation of a deformable object.
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